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Introduction

Definition
A kernel Kk : X x X — R is said to be positive definite if

n n
ZZC,L'CJ‘I{(Z‘Z',.IJ')ZO Cly...,cpn €R, x1,...,2, € X
i=1 j=1

Examples of kernels:

12
k(z,2') = exp <_’$2(jf‘) (Gaussian kernel)
k(x,2") = exp(z,2’) (Exponential kernel)
w(z,2') = (x,2') + ¢)? (Polynomial kernel)
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Introduction: Reproducing Kernel Hilbert Space

We want to take the closure of linear combinations of kernel functions.
Z a;k(, ;) a; € R, x; € X

And we take the inner product as

He = <Z Oém(',fﬂi),zlﬂjﬁ(',yj)> =Y ) ikl yg)
i=1 =

e i=1 j=1

Theorem (Aronszajn

Let k be a symmetric positive definite kernel, then there exists a unique Hilbert space H,.
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RKHS and Functional Analysis

1. Gaussian and exponential kernels: #,, C C(X) dense.

/ Hx _’1¥H2 / /
K(xvx):exp _T ) H(IE,.CU) :eXp<CU,£C>
o

2. Sobolev (Matérn) kernels: #,, C H*(R?) is dense for s < v + d/2. And for
s = v+ d/2, they coincide.

27 (= —a'|[\" [l — 2"l
n o 2
H”@’x)_al“(y)( 7 ) KV< 7 ,

where K, is the modified Bessel function of the second kind.
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Idea behind "Kernel Trick”
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Representer Theorem

Theorem (Scholkopf, Herbrich, et al.

Suppose we are given training data:

(z1,91),- -, (Tnyyn) € X X R,

We consider optimization problems of the form:

frg?li L((z1,y1, f(21)), -+, (@n, Yn, f(z0))) + )\”fH%{H-

Then, any minimizer f* € ‘H, admits a representation of the form
n
O = ()
i=1

for some coefficients ay, . ..,a, € R.
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Self-Attention as a Kernel Method

Given a positive semi-definite matrix A, define the kernel
K(xi,%;) == exp{—(x; — x;) T A(x; — x;)}

where A = %QTK and let the value projection be y = Vx.
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Self-Attention as a Kernel Method

Given a positive semi-definite matrix A, define the kernel
K(xi,%;) == exp{—(x; — x;) T A(x; — x;)}

where A = %QTK and let the value projection be y = Vx.
The Nadaraya-Watson smoothing kernel (Nadaraya 1964; Watson 1964):

> ey = 5 v
Z Xuxk Z (Qx4,Kxy,)
=Attn(x;,X)

Key, query, and value matrices are given by K, Q, V respectively.
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Proof that Self-Attention is Kernel Regression

Expand the exponent:
—(xi — %) TA(x; — %) = =%, Ax; — x;-rij + 2%, Ax;
Then,
K(Xi,X5) eXP{_X;'rAXj +2x] Ax;}
Yok xg) Y, exp{—x;Axk + 2x. Axy}
€<QX¢,KXJ'>
o P e(Qx; ,Kxg)
where we have assumed that x;—ij is constant for all j. O
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Neural Tangent Kernel (Jacot et al.

e Training data: D = {(X;,Y;)}",
* Model:

fo(z) = Z aja(w;rm + b))
j=1

® Squared loss:

e Gradient flow:

Gt .= —Vgﬁ(gt)
= —Vofo,(X) " (fo.(X) = Y)
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Neural Tangent Kernel (Jacot et al. )

* Training data: D = {(X;,Y;)}", By the chain rule,

* Model: fet () = Vofa, (33)915
f@(x) _ Zaja(w;l'm + bj) = - v@th(x)Y9f9t <X>T(f9t(X) - Y)
j=1 Ki(z,X)
® Squared loss: And K; ==>% K (constant). Then,
L(e) — ;Zn:(fG(Xz) o Y;)Z f9t (X) =Y + e_K(X7X)t(f90(X) - Y)
i=1

Assuming fp, = 0. Now, solve for x:

e Gradient flow: .
fo,(z) = | K(z, X)K(X, X)"'Y

Gt L= —Vgﬁ(et)
= —Vofa (X)T(fet (X)-Y) This is exactly kernel regression!
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Mean-field neural nets (Barron Spaces)

Finite-width NN: Mean-Field NN:
- _ T
fo(x) = Zam(wix—{—bi) (1) fr(@) = /Rdw ao(w ' x + b)dr(a, w,b)
i=1

here 6; = ( b)) € R4+ where m € P(R%+2) is a probability measure.
where v; = (a;, W;, 0; o
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Mean-field neural nets (Barron Spaces)

Finite-width NN: Mean-Field NN:
- _ T
fo(x) = Z aio(w z+b) (1) fr(x) = /RdJr? ac(w ' x + b)dm(a,w,b)
i=1

here 6; = ( b) € R+ where m € P(R%+2) is a probability measure.
where v; = (a;, W;, 0; .

Consider the norm

1fls, = inf/ la| (1 + [Jw]ly + |b])dm
f=fr JRa+2

Theorem (Spek et al.

The space of mean-field NN with norm
Il - ||, is a reproducing kernel Banach space.
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Mean-field neural nets (Barron Spaces)

Finite-width NN: Mean-Field NN:
g T
S wowlerb) () @)= [ aowTe+binawy)
i=1
where 6; = (ai, w;, bi) € RH2. where T € P(R%*2) is a probability measure.

Consider the norm
Theorem (Bartolucci et al. )

1fls, = o / la| (1 + [Jw]ly + |b])dm
f d+2

f=f= Jr

Let {(xi,y;)}_, be training data. Then

lnf ZL Yi, f xz)) + )‘HfHB

Theorem (Spek et al.

The space of mean-field NN with norm
Il - ||, is a reproducing kernel Banach space. admits a minimizer of the form (1).

12/23



Mean-Field Neural Networks (Barron Spaces)

Definition: Reproducing Kernel Banach Space

A Banach space B of functions on X is a reproducing kernel Banach space if for all
x € X, there exists a constant C, > 0 such that for all f € B,

|f(@)| < Callflls

Proof. Assume that o grows at most linearly. Then,

@< [ lalloTe + Dldn(au.b

<M la| - |w "z + b|dr(a, w,b)

Rd+2
< [ Jal(lallwls + #dn(a.w.b)
Rd+2

for all z € R? and 7 such that f; = f. Therefore, taking the infimum over all such 7,
[f(@)| < M|zl f]5,
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Neural Networks vs. Kernel Methods

We want to compare kernel methods with neural networks

Z aia(w;% +b;) Vs Z ik (T, ;)

i

Neural Networks Kernel Methods

Universal Approximation v v
Representer Theorem v v
Compatibility v v
Interpretability X ?
Scalability v ?

v ?

Experiments
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Interpretability of Kernel Methods

Decomposability:
weight
similarity

Uncertainty Quantification:

Gaussian Process Regression

® Train data
—— Prediction mean
Confidence interval
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Random Fourier Features (Rahimi et al. )

Most kernel methods scale poorly with the number of data points, i.e., O(n?) or O(n?).

Theorem (Bochner's Theorem)

A continuous kernel r(z,y) = k(z —y) on R? is positive definite if and only if k(z) is the
Fourier transform of a non-negative measure |, on R4, je.,

bE) = [ e dute)
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In other words,
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Random Fourier Features (Rahimi et al. )

Most kernel methods scale poorly with the number of data points, i.e., O(n?) or O(n?).

Theorem (Bochner's Theorem)

A continuous kernel r(z,y) = k(z —y) on R? is positive definite if and only if k(z) is the
Fourier transform of a non-negative measure |, on R4, je.,

bE) = [ e dute)

In other words,

w2 T 1 i T .
k() = Euple® 7] = Eunpleos(w " 2)] ~ — Z;cos(wj z),  with O(1/v/m)
]:
Therefore, we can approximate the feature map as
k(a—a') = ¢(x) T ¢(a'), where () = = [sin(wI 2),. .. sin(w! x), cos(wy z), .. ., cos(w z)
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Experiments: Kernel Methods and Digital Twins

Data: {y:i}i,.
Goal: learn the vector field f € F so
that z; &~ y; with

% = f(=), 20 = Yo
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. 1 n T A
Goal: learn the vector field f € F so inf / l2ei — yel? 211 £112
> i = il "t + Sl fllF
that z; ~ y; with fer 2n —Jo 2
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Experiments: Kernel Methods and Digital Twins

Data: {y:i}i,.
Goal: learn the vector field f € F so

that z; &~ y; with
2= f(2), 20 = Yo

NeuralODE (Chen et al. 2018)

e Model:
fo € NN(©)

® Regularization:

7ol 7 := [10]l2

1« [T A
inf 7§ — yallPde+ 2 F)|2
L ¢:1/0 2ti — yeal|“dt + 2||f||}‘

st 2 = f(24), 204 = Yo,-

KernelODE (Owhadi 2020)

e Model:
feHe

® Regularization:

1f 117 = 11f [l
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Experiments: Kernel Methods and Digital Twins

Data: {y:;}!" ;.

Goal: learn the vector field f € F so inf / 264 — 2
yeallPdt + ||f||}‘

that 2; ~ y; with jeF 2n Z

st &y = f(Zt,z'), 20,i = Y0,i-

Z = f(2), 20 = Yo
KernelODE (Owhadi 2020),
NeuralODE (Chen et al. 2018) Mean-Field NeuralODE (Jabir et al. 2021)
2 = fol=1i). . 2= f(2)
ot = (2t — Yei) — (D folze i .
P, ( b yt’) ( f@( b )) Pt Pti = (th ytz (Df(zt z)) Dtis

1 «— [T
_ = ) o TSAd.
n;/o (90 fo(255)) ps,jds , Z/ - zeg) poy ds.

where 2o ; = yo; and pr; = 0.
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Experiments: Kernel Methods and Digital Twins

FitzHugh—Nagumo Lotka—Volterra Van der Pol
. _’L‘B . .
i = 0:2=321-0.25) Tg = —3x2 + 2122 dy=(1—23) 29 — 19
- 3
FHN v VDP
o T 1 . N 3
15 ~ \
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Experiments: Kernel Methods and Digital Twins

KernelODE vector field (FHN) KernelODE vector field (LV) KernelODE vector field (VDP)
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Experiments: Kernel Methods and Digital Twins

FHN - Test Error LV - Test Error VDP - Test Error
0-201 —— Mean Error KernelODE 0.8
—— Mean Error NeuralODE
0.15 6 0.6
0.10 04l
3 49
I
5
g 0051 0.2
2
0.00 0.04
oA
-0.051 _024
b é l‘l é é lb 6 2‘ 4 6 8 10 0 2 4 6 8 10
Time (s) Time (s) Time (s)

Figure: Comparison between NeuralODE and KernelODE.
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Applications of Kernel Methods

Algorithms based on Kernel Methods:

Gaussian Processes (Rasmussen et al. 2005)

Support Vector Machines (Cortes et al.
1995)

Kernel PCA (Schélkopf, Alexander Smola,
et al. 1998)

Kernel Mean Embeddings (Alex Smola
et al. 2007)

Neural Tangent Kernels (Jacot et al. 2018)
Operator Learning (Batlle et al. 2023)

Kernel-based Transformers (Choromanski
et al. 2022; Peng et al. 2021)

Large Scale Applications:

Large-scale kernel machines (Rahimi et al.
2007)

Random Feature Attention (Peng et al.
2021): O(n?) to O(nm).

Rethinking Attention with

Performers (Choromanski et al. 2022)

Nystromformer: A Nystrom-Based
Algorithm for Approximating
Self-Attention (Xiong et al. 2021).

Kernel Methods are Competitive for
Operator Learning (Batlle et al. 2023)
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The End

Conclusions:
e Kernel methods provide a solid mathematical foundation for machine learning:

® Self-attention
® Neural Tangent Kernel
® Mean-field NN

® They offer interpretability, uncertainty quantification, and scalability.

® \We compare kernel ODEs and neuralODEs for system identification and observe
comparable results.
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