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Introduction

Definition

A kernel κ : X × X → R is said to be positive definite if

n∑
i=1

n∑
j=1

cicjκ(xi, xj) ≥ 0 c1, . . . , cn ∈ R, x1, . . . , xn ∈ X

Examples of kernels:

κ(x, x′) = exp

(
−∥x− x′∥2

2σ2

)
(Gaussian kernel)

κ(x, x′) = exp⟨x, x′⟩ (Exponential kernel)

κ(x, x′) = (⟨x, x′⟩+ c)d (Polynomial kernel)
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Introduction: Reproducing Kernel Hilbert Space

We want to take the closure of linear combinations of kernel functions.

f :=

n∑
i=1

αiκ(·, xi), αi ∈ R, xi ∈ X

And we take the inner product as

⟨f, g⟩Hκ ≡

〈
n∑

i=1

αiκ(·, xi),
m∑
j=1

βjκ(·, yj)

〉
Hκ

:=

n∑
i=1

m∑
j=1

αiβjκ(xi, yj)

Theorem (Aronszajn 1950)

Let κ be a symmetric positive definite kernel, then there exists a unique Hilbert space Hκ.
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RKHS and Functional Analysis

1. Gaussian and exponential kernels: Hκ ⊆ C(X ) dense.

κ(x, x′) = exp

(
−∥x− x′∥2

2σ2

)
, κ(x, x′) = exp⟨x, x′⟩

2. Sobolev (Matérn) kernels: Hκν ⊆ Hs(Rd) is dense for s < ν + d/2. And for
s = ν + d/2, they coincide.

κν(x, x
′) = σ2 2

1−ν

Γ(ν)

(
∥x− x′∥

ℓ

)ν

Kν

(
∥x− x′∥

ℓ

)
,

where Kν is the modified Bessel function of the second kind.

6 / 23



Idea behind ”Kernel Trick”
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Representer Theorem

Theorem (Schölkopf, Herbrich, et al. 2001)

Suppose we are given training data:

(x1, y1), . . . , (xn, yn) ∈ X × R.

We consider optimization problems of the form:

min
f∈Hκ

L((x1, y1, f(x1)), . . . , (xn, yn, f(xn))) + λ∥f∥2Hκ
.

Then, any minimizer f∗ ∈ Hκ admits a representation of the form

f∗(·) =
n∑

i=1

αiκ(·, xi)

for some coefficients α1, . . . , αn ∈ R.
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Self-Attention as a Kernel Method

Given a positive semi-definite matrix A, define the kernel

κ(xi,xj) := exp{−(xi − xj)
⊤A(xi − xj)}

where A = 1
2Q

⊤K and let the value projection be y = Vx.

The Nadaraya-Watson smoothing kernel (Nadaraya 1964; Watson 1964):

∑
j

κ(xi,xj)yj∑
k κ(xi,xk)

=
∑
j

e⟨Qxi,Kxj⟩∑
k e

⟨Qxi,Kxk⟩
Vxj︸ ︷︷ ︸

=Attn(xi,X)

Key, query, and value matrices are given by K,Q,V respectively.

9 / 23



Self-Attention as a Kernel Method

Given a positive semi-definite matrix A, define the kernel

κ(xi,xj) := exp{−(xi − xj)
⊤A(xi − xj)}

where A = 1
2Q

⊤K and let the value projection be y = Vx.
The Nadaraya-Watson smoothing kernel (Nadaraya 1964; Watson 1964):

∑
j

κ(xi,xj)yj∑
k κ(xi,xk)

=
∑
j

e⟨Qxi,Kxj⟩∑
k e

⟨Qxi,Kxk⟩
Vxj︸ ︷︷ ︸

=Attn(xi,X)

Key, query, and value matrices are given by K,Q,V respectively.

9 / 23



Self-Attention as a Kernel Method

Given a positive semi-definite matrix A, define the kernel

κ(xi,xj) := exp{−(xi − xj)
⊤A(xi − xj)}

where A = 1
2Q

⊤K and let the value projection be y = Vx.
The Nadaraya-Watson smoothing kernel (Nadaraya 1964; Watson 1964):

∑
j

κ(xi,xj)yj∑
k κ(xi,xk)

=
∑
j

e⟨Qxi,Kxj⟩∑
k e

⟨Qxi,Kxk⟩
Vxj︸ ︷︷ ︸

=Attn(xi,X)

Key, query, and value matrices are given by K,Q,V respectively.

9 / 23



Self-Attention as a Kernel Method

Given a positive semi-definite matrix A, define the kernel

κ(xi,xj) := exp{−(xi − xj)
⊤A(xi − xj)}

where A = 1
2Q

⊤K and let the value projection be y = Vx.
The Nadaraya-Watson smoothing kernel (Nadaraya 1964; Watson 1964):

∑
j

κ(xi,xj)yj∑
k κ(xi,xk)

=
∑
j

e⟨Qxi,Kxj⟩∑
k e

⟨Qxi,Kxk⟩
Vxj︸ ︷︷ ︸

=Attn(xi,X)

Key, query, and value matrices are given by K,Q,V respectively.

9 / 23



Proof that Self-Attention is Kernel Regression

Proof.

Expand the exponent:

−(xi − xj)
⊤A(xi − xj) = −x⊤

i Axi − x⊤
j Axj + 2x⊤

i Axj

Then,

κ(xi,xj)∑
k κ(xi,xk)

=
exp{−x⊤

j Axj + 2x⊤
i Axj}∑

k exp{−x⊤
k Axk + 2x⊤

i Axk}

=
e⟨Qxi,Kxj⟩∑
k e

⟨Qxi,Kxk⟩

where we have assumed that x⊤
j Axj is constant for all j.
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Neural Tangent Kernel (Jacot et al. 2018)

• Training data: D = {(Xi, Yi)}ni=1

• Model:

fθ(x) =

m∑
j=1

ajσ(w
⊤
j x+ bj)

• Squared loss:

L(θ) = 1

2

n∑
i=1

(fθ(Xi)− Yi)
2

• Gradient flow:

θ̇t : = −∇θL(θt)
= −∇θfθt(X)⊤(fθt(X)− Y )

By the chain rule,

ḟθt(x) = ∇θfθt(x)θ̇t

= −∇θfθt(x)∇θfθt(X)⊤︸ ︷︷ ︸
Kt(x,X)

(fθt(X)− Y )

And Kt
m→∞−−−−→ K (constant). Then,

fθt(X) = Y + e−K(X,X)t(fθ0(X)− Y )

Assuming fθ0 ≡ 0. Now, solve for x:

fθt(x)
t→∞−−−→ K(x,X)K(X,X)−1Y

This is exactly kernel regression!
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Mean-field neural nets (Barron Spaces)

Finite-width NN:

fθ(x) =

n∑
i=1

aiσ(w
⊤
i x+ bi) (1)

where θi = (ai, wi, bi) ∈ Rd+2.

Mean-Field NN:

fπ(x) =

∫
Rd+2

aσ(w⊤x+ b)dπ(a,w, b)

where π ∈ P(Rd+2) is a probability measure.

Consider the norm

∥f∥Bσ := inf
f=fπ

∫
Rd+2

|a|(1 + ∥w∥1 + |b|)dπ

Theorem (Spek et al. 2023)

The space of mean-field NN with norm
∥ · ∥Bσ is a reproducing kernel Banach space.

Theorem (Bartolucci et al. 2021)

Let {(xi, yi)}ni=1 be training data. Then

inf
f∈Bσ

1

n

n∑
i=1

L(yi, f(xi)) + λ∥f∥Bσ

admits a minimizer of the form (1).

12 / 23



Mean-field neural nets (Barron Spaces)

Finite-width NN:

fθ(x) =

n∑
i=1

aiσ(w
⊤
i x+ bi) (1)

where θi = (ai, wi, bi) ∈ Rd+2.

Mean-Field NN:

fπ(x) =

∫
Rd+2

aσ(w⊤x+ b)dπ(a,w, b)

where π ∈ P(Rd+2) is a probability measure.

Consider the norm

∥f∥Bσ := inf
f=fπ

∫
Rd+2

|a|(1 + ∥w∥1 + |b|)dπ

Theorem (Spek et al. 2023)

The space of mean-field NN with norm
∥ · ∥Bσ is a reproducing kernel Banach space.

Theorem (Bartolucci et al. 2021)

Let {(xi, yi)}ni=1 be training data. Then

inf
f∈Bσ

1

n

n∑
i=1

L(yi, f(xi)) + λ∥f∥Bσ

admits a minimizer of the form (1).

12 / 23



Mean-field neural nets (Barron Spaces)

Finite-width NN:

fθ(x) =

n∑
i=1

aiσ(w
⊤
i x+ bi) (1)

where θi = (ai, wi, bi) ∈ Rd+2.

Mean-Field NN:

fπ(x) =

∫
Rd+2

aσ(w⊤x+ b)dπ(a,w, b)

where π ∈ P(Rd+2) is a probability measure.

Consider the norm

∥f∥Bσ := inf
f=fπ

∫
Rd+2

|a|(1 + ∥w∥1 + |b|)dπ

Theorem (Spek et al. 2023)

The space of mean-field NN with norm
∥ · ∥Bσ is a reproducing kernel Banach space.

Theorem (Bartolucci et al. 2021)

Let {(xi, yi)}ni=1 be training data. Then

inf
f∈Bσ

1

n

n∑
i=1

L(yi, f(xi)) + λ∥f∥Bσ

admits a minimizer of the form (1).

12 / 23



Mean-Field Neural Networks (Barron Spaces)

Definition: Reproducing Kernel Banach Space

A Banach space B of functions on X is a reproducing kernel Banach space if for all
x ∈ X , there exists a constant Cx > 0 such that for all f ∈ B,

|f(x)| ≤ Cx∥f∥B

Proof. Assume that σ grows at most linearly. Then,

|fπ(x)| ≤
∫
Rd+2

|a||σ(w⊤x+ b)|dπ(a,w, b)

≤ M

∫
Rd+2

|a| · |w⊤x+ b|dπ(a,w, b)

≤ M

∫
Rd+2

|a|(∥x∥∞∥w∥1 + |b|)dπ(a,w, b)

for all x ∈ Rd and π such that fπ = f . Therefore, taking the infimum over all such π,

|f(x)| ≤ M∥x∥∞∥f∥Bσ
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Neural Networks vs. Kernel Methods

We want to compare kernel methods with neural networks∑
i

aiσ(w
⊤
i x+ bi) vs

∑
i

αiκ(x, xi)

Neural Networks Kernel Methods

Universal Approximation ✓ ✓

Representer Theorem ✓ ✓

Compatibility ✓ ✓

Interpretability ✗ ?
Scalability ✓ ?
Experiments ✓ ?

14 / 23



Interpretability of Kernel Methods

Decomposability:

f(x) =
∑
i

weight︷︸︸︷
αi κ(x, xi)︸ ︷︷ ︸

similarity

Uncertainty Quantification:

0 2 4 6 8 10
3

2

1

0

1

2

3

Gaussian Process Regression
Train data
Prediction mean
Confidence interval
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Random Fourier Features (Rahimi et al. 2007)

Most kernel methods scale poorly with the number of data points, i.e., O(n2) or O(n3).

Theorem (Bochner’s Theorem)

A continuous kernel κ(x, y) = k(x− y) on Rd is positive definite if and only if k(z) is the
Fourier transform of a non-negative measure µ on Rd, i.e.,

k(z) =

∫
Rd

eiω
⊤zdµ(ω)

In other words,

k(z) = Eω∼µ[e
iω⊤z] = Eω∼µ[cos(ω

⊤z)] ≈ 1

m

m∑
j=1

cos(ω⊤
j z), with O(1/

√
m)

Therefore, we can approximate the feature map as

k(x−x′) = ϕ(x)⊤ϕ(x′), where ϕ(x) = 1√
m

[
sin(ω⊤

1 x), . . . , sin(ω
⊤
mx), cos(ω⊤

1 x), . . . , cos(ω
⊤
mx)

]⊤
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k(x−x′) = ϕ(x)⊤ϕ(x′), where ϕ(x) = 1√
m

[
sin(ω⊤

1 x), . . . , sin(ω
⊤
mx), cos(ω⊤

1 x), . . . , cos(ω
⊤
mx)

]⊤
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Experiments: Kernel Methods and Digital Twins

Data: {yt,i}ni=1.
Goal: learn the vector field f ∈ F so
that zt ≈ yt with

żt = f(zt), z0 = y0

inf
f∈F

1

2n

n∑
i=1

∫ T

0
∥zt,i − yt,i∥2dt+

λ

2
∥f∥2F

s.t. żt,i = f(zt,i), z0,i = y0,i.

NeuralODE (Chen et al. 2018)

• Model:
fθ ∈ NN(Θ)

• Regularization:

∥fθ∥F := ∥θ∥2

KernelODE (Owhadi 2020)

• Model:
f ∈ Hκ

• Regularization:

∥f∥F := ∥f∥Hκ
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2n
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0
∥zt,i − yt,i∥2dt+

λ

2
∥f∥2F

s.t. żt,i = f(zt,i), z0,i = y0,i.

NeuralODE (Chen et al. 2018)

żt,i = fθ
(
zt,i

)
,

ṗt,i = (zt,i − yt,i)−
(
Dfθ(zt,i)

)⊤
pt,i,

θ = − 1

λn

n∑
j=1

∫ T

0
(∂θfθ(zs,j))

⊤ps,j ds.

KernelODE (Owhadi 2020),
Mean-Field NeuralODE (Jabir et al. 2021)

żt,i = f
(
zt,i

)
,

ṗt,i = (zt,i − yt,i)−
(
Df(zt,i)

)⊤
pt,i,

f(·) = − 1

λn

n∑
j=1

∫ T

0
K
(
·, zs,j

)
ps,j ds.

where z0,i = y0,i and pT,i = 0.
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Experiments: Kernel Methods and Digital Twins

FitzHugh–Nagumo Lotka–Volterra Van der Pol

ẋ1 = 3
(
x1 −

x3
1
3 + x2

)
,

ẋ2 =
0.2−3x1−0.2x2

3

ẋ1 = 1.5x1 − x1x2,

ẋ2 = −3x2 + x1x2

ẋ1 = x2,

ẋ2 = (1− x21)x2 − x1
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Experiments: Kernel Methods and Digital Twins
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Experiments: Kernel Methods and Digital Twins
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Figure: Comparison between NeuralODE and KernelODE.
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Applications of Kernel Methods

Algorithms based on Kernel Methods:

• Gaussian Processes (Rasmussen et al. 2005)

• Support Vector Machines (Cortes et al.
1995)

• Kernel PCA (Schölkopf, Alexander Smola,
et al. 1998)

• Kernel Mean Embeddings (Alex Smola
et al. 2007)

• Neural Tangent Kernels (Jacot et al. 2018)

• Operator Learning (Batlle et al. 2023)

• Kernel-based Transformers (Choromanski
et al. 2022; Peng et al. 2021)

Large Scale Applications:

• Large-scale kernel machines (Rahimi et al.
2007)

• Random Feature Attention (Peng et al.
2021): O(n2) to O(nm).

• Rethinking Attention with
Performers (Choromanski et al. 2022)

• Nyströmformer: A Nyström-Based
Algorithm for Approximating
Self-Attention (Xiong et al. 2021).

• Kernel Methods are Competitive for
Operator Learning (Batlle et al. 2023)
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The End

Conclusions:
• Kernel methods provide a solid mathematical foundation for machine learning:

• Self-attention
• Neural Tangent Kernel
• Mean-field NN

• They offer interpretability, uncertainty quantification, and scalability.

• We compare kernelODEs and neuralODEs for system identification and observe
comparable results.
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