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Neural ODEs

Neural ODEs model dynamics on X := Rd with a neural-network drift.

ẋ(t) = fθ(x , t), t ∈ [0, 1],

x(0) = x0.

Consider the time-varying neural network of width m,

fθ(x , t) :=
m∑
j=1

σ
(
x , ξj(t)

)
wj(t),

where θ(t) :=
(
w(t), ξ(t)

)
∈ Xm × Ωm, σ is a scalar activation, and Ω ⊂ Rdξ is compact.

Example

Take σ(x , ξ) := tanh(⟨a, x⟩+ b) with ξ = (a, b) ∈ Ω, where Ω ⊂ Rd+1 is compact.

We denote by N≤m the set of such time-varying neural networks of width at most m.
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Neural ODEs: the training problem

Given n samples x1,0, . . . , xn,0 ∈ X and losses φi ≥ 0 (running), ϕi ≥ 0 (terminal):

inf
θ∈N≤m

JNN(θ) :=
n∑

i=1

(∫ 1

0
φi

(
t, xi (t)

)
dt + ϕi

(
xi (1)

))
+ λ ∥w∥qLq(0,1;ℓ1(X )),

s.t. ẋi = fθ(xi , t), xi (0) = xi,0, i = 1, . . . , n,

with λ > 0, q ∈ [1,∞).

• The ℓ1 (Lasso) penalty promotes neuron sparsity.

• We use an Lq penalty in time.

Example (trajectory fitting)

For observed yi ∈ C ([0, 1];X ), take xi,0 := yi (0), φi (t, x) := ∥x − yi (t)∥2
X and

ϕi (x) := ∥x − yi (1)∥2
X .
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Neural ODEs: the training problem

Given n samples x1,0, . . . , xn,0 ∈ X and losses φi ≥ 0 (running), ϕi ≥ 0 (terminal):

inf
θ∈N≤m

JNN(θ) :=
n∑

i=1

(∫ 1

0
φi

(
t, xi (t)

)
dt + ϕi

(
xi (1)

))
+ λ ∥w∥qLq(0,1;ℓ1(X )),

s.t. ẋi = fθ(xi , t), xi (0) = xi,0, i = 1, . . . , n,

with λ > 0, q ∈ [1,∞).

Questions

1. How many neurons do we need?

2. What is the regularity in time of an optimal θ?

3. How does λ affect the optimal solution?
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Finite width versus mean field

Network of width m

fθ(x , t) =
∑m

j=1 σ(x , ξj(t))wj(t)

• control θ = (w(t), ξ(t)) ∈ Xm × Ωm;

• nonlinear in the control;

• penalty ∥w(t)∥ℓ1(X ).

Mean field (infinite width)

fµ(x , t) =
∫
Ω
σ(x , ξ) dµt(ξ)

• control µt ∈ M(Ω;X );

• linear in the control;

• penalty ∥µt∥TV , a convex norm.

We can identify networks with atomic measures in the mean-field formulation:

µθ
t :=

∑m
j=1 wj(t) δξj (t) =⇒ fµθ (·, t) = fθ(·, t).

The regularization is consistent as well:

∥µθ
t ∥TV =

m∑
j=1

∥wj(t)∥ = ∥w(t)∥ℓ1(X ).
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The mean-field training problem

inf
µ∈Uq

J (µ) :=
n∑

i=1

(∫ 1

0
φi (t, xi (t)) dt + ϕi (xi (1))

)
+ λ ∥µ∥qLq(0,1;TV),

s.t. ẋi = fµ(xi , t), xi (0) = xi,0, i = 1, . . . , n,

Admissible controls (Trautmann et al. 2018)

Uq := {µ : [0, 1] → M(Ω;X ) weak-∗ measurable, ∥µ∥Lq < ∞}

Under minimal regularity conditions on σ and the losses:

• Well-posedness. The state and the adjoint depend on µ only through
t 7→ ∥µt∥TV ∈ L1(0, 1).

• Existence. For q > 1, the problem attains its minimum on Uq.
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Adjoint equation

The adjoint carries the loss gradients backwards along the trajectories:

−ṗi (t) = ∇xφi

(
t, xi (t)

)
+
(
Dx fµ(xi (t), t)

)⊤
pi (t), pi (1) = ∇xϕi

(
xi (1)

)
.

It defines the discriminator, the level and the saturation set:

ht(ξ) :=
n∑

i=1

σ
(
xi (t), ξ

)
pi (t), Λ(t) := max

ξ∈Ω
∥ht(ξ)∥, Ω⋆(t) :=

{
ξ : ∥ht(ξ)∥ = Λ(t)

}
.

Let µ⋆ be a minimizer.

1. Support inclusion
For a.e. t,

suppµ⋆
t ⊆ Ω⋆(t).

2. L1 sparsity
If q = 1, then

Λ(t) ≤ λ,

and µ⋆
t = 0 if Λ(t) < λ.

3. Hamiltonian
For a.e. t, µ⋆

t minimizes,
over ν ∈ M(Ω;X ),

Ht(ν) = ⟨ν, ht⟩+ λ∥ν∥qTV .
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Sparsity in the solution: q = 1 versus q = 2

min
µ∈Uq

∑
i=1,2

(∫ 1

0
|xi (t)− yi (t)|2 dt + 1

2 |xi (1)− yi (1)|2
)
+ λ∥µ∥qLq(0,1;TV),
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1. Neural ODEs: Representer
theorem



The sparsity tool: an extreme-point theorem

Theorem (Bredies and Carioni 2020, Thm. 3.3)
Let E be a locally convex space, R : E → [0,+∞] a lower semicontinuous seminorm with trivial null
space, let A : E → H be linear and continuous into a finite-dimensional Hilbert space H, and let
F : H → (−∞,+∞] be proper, convex, lower semicontinuous and coercive. Assume A(domR) = H

and that {R ≤ c} is compact in E for every c > 0. Then

min
u∈E

F (Au) +R(u)

admits a minimizer of the form

ū =

p∑
k=1

γk uk ,

where p ≤ dimH and the uk are extreme points of the unit ball {R ≤ 1}.

Let µ⋆ be the optimal control and x⋆ its state. At a fixed t, let E := M(Ω⋆(t);X ).

At : E → X n ∼= Rnd , (Atν)i :=

∫
Ω⋆(t)

σ
(
x⋆
i (t), ξ

)
dν(ξ),

R : E → [0,+∞], R(ν) := ∥ν∥TV .

F (b) :=

0, b = fµ⋆(x⋆(t), t),

+∞, otherwise.
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Neural ODEs: the representer theorem

inf
µ∈Uq

J (µ) :=
n∑

i=1

(∫ 1

0
φi (t, xi (t)) dt + ϕi (xi (1))

)
+ λ ∥µ∥qLq(0,1;TV),

s.t. ẋi = fµ(xi , t), xi (0) = xi,0, i = 1, . . . , n,

Theorem
Let µ⋆ ∈ Uq be a minimizer. Then there is minimizer µ̄ ∈ Uq whose drift takes the form

fµ̄(x , t) =
nd∑
j=1

σ
(
x , ξj(t)

)
wj(t),

with wj , ξj measurable and ξj(t) ∈ Ω⋆(t) for a.e. t.

Corollary

min
µ∈Uq

J (µ) = min
θ∈N∞

JNN(θ) = min
θ∈N≤nd

JNN(θ).
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Sparsity emerges during training (Ω = [−4, 4])
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2. Regularity in time



What is the temporal structure of the sparse network?

Proposition (branches of active neurons)

Set Ht :=
1
2∥ht∥2. If at t0 every ζ ∈ Ω⋆(t0) lies in int Ω with nonsingular Hessian ∇2

ξHt0(ζ),
then Ω⋆(t0) is finite, say M points, and near t0

µ⋆
t =

M∑
j=1

wj(t) δξj (t), ξj ∈ W 1,q, wj ∈ Lq.

If moreover the data are C k+1 and the bracket matrix B(t0) is nonsingular1, then, near t0,

x⋆, p⋆ ∈ C k+1, wj , ξj ∈ C k .

1Bjl (t) :=
∑

i p
⋆
i (t)

⊤[Xt,ξj ,Xt,ξl ](x
⋆
i (t)), built from the directed neuron fields Xt,ξ := −σ(·, ξ) ht(ξ)/Λ(t).
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3. Strong regularization



Strong regularization drives the network to rest

Proposition (decay and extinction)
For every q ≥ 1 and λ > 0,

max
i

sup
t

∥∥x⋆,λ
i (t)− xi,0

∥∥ ≤ C

(J (0)
λ

)1/q

.

Moreover, there is a threshold Λ0 < ∞, explicit and
independent of λ, such that

• for q = 1: µ⋆,λ ≡ 0 and x⋆,λ ≡ x0 for every λ > Λ0. 10−1 100
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4. Extra: Optimal Transport



Optimal transport

Consider the following optimization problem for n particles, with a prescribed target ρ1:

inf
µ∈Uq

n∑
i=1

∫ 1

0
L
(
xi (t), ẋi (t), t

)
dt + λ ∥µ∥qLq(0,1;TV),

s.t. ẋi = fµ(xi , t), xi (0) = xi,0,
∑

i δxi (1) = ρ1.

• The running cost sees the velocity ẋi (t).
• The terminal cost is a hard constraint: neither smooth nor convex.
• The regularizer penalizes the control measure µ.

Theorem
Let µ⋆ be a minimizer. Then there is a minimizer µ̄ whose drift takes the form

fµ̄(x , t) =
nd∑
j=1

σ
(
x , ξj(t)

)
wj(t).
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Experiment (d = 1)
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5. Conclusions and Outlook



Contributions

1. Representer theorem. An optimal drift is
realized by nd neurons at a.e. time.

2. Regularity in time. Nondegenerate saturation
points trace C k branches.

3. Turnpike. At q = 1, the bound Λ ≤ λ creates
exact rest phases.

4. Optimal transport. The representer theorem
extends to a hard terminal constraint.
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